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1 Introduction
The study of scattering amplitudes when the momentum of one or more particles becomes
soft has a long history [1–12]. Weinberg showed that the scattering amplitudes factorize
when a photon or graviton becomes soft, and that this factorization is universal [9, 10].
The universality of the soft photon theorem is due to charge conservation, while for a soft
graviton it follows from the equivalence principle. A subleading soft theorem for photons
at tree-level was proven by Low [5]. Similar subleading soft theorems for gravitons and
gluons have more recently been discussed using eikonal methods [13–15]. Also, Cachazo
and Strominger showed that the sub-subleading soft graviton correction at tree-level is also
universal [16].
The soft graviton theorem was shown to be connected to the Bondi, van der Burg, Met-
zner and Sachs (BMS) symmetry [17, 18], as a Ward identity [19–21]. This has sparked an
interest in the connection between asymptotic symmetries and soft theorems (see Ref. [22]
for a list of references). The subleading soft theorem is known to be related to the su-
pertranslations and superrotations for asymptotic symmetries and the sub-subleading soft
theorem related symmetries was recently analysed in Ref. [23, 24]. The authors found a
new class of vector fields, which hints in the direction of a BMS algebra extension.
At loop level, the leading soft theorems for photons and gravitons remain unchanged.
However, the loop corrections to the subleading soft theorems for gluons and gravitons were
discussed in Refs. [25, 26].
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The soft behavior of scattering amplitudes when more than one particle is taken soft
has also been studied (see e.g. Ref. [27] and references therein). The soft theorems have also
been discussed outside four dimensions [28–31] using the scattering equation framework by
Cachazo, He, and Yuan (CHY) [32–34].
Much of the recent progress in calculating gravitational scattering amplitudes relies the
connection between gauge amplitudes and gravity amplitudes [35, 36]. One manifestation
of this connection is the Kawai-Lewellen-Tye (KLT) relations [37], which relates open and
closed string amplitudes at tree level. In the field theory limit, the KLT-relation states that
a sum of products of two color-ordered Yang-Mills amplitudes is a gravity amplitude.
In this paper, we study the connection between gravity and gauge soft theorems via
the KLT-relations. We compare both sides of the formula at sub-subleading order in the
soft-momentum expansion and obtain relations for the non-universal part of the Yang-Mills
amplitude. To the best of our knowledge, no other relations have been obtained for the
non-universal piece of the Yang-Mills amplitudes. We further study the insertion of effective
operators, which start contributing at sub-leading order. We also obtain relations for the
non-universal effective amplitude at sub- and sub-subleading order.
The paper is organized as follows: Section 2 reviews the derivation of the soft theorems
using Britto-Cachazo-Feng-Witten (BCFW) recursion relations. Section 3 presents the
soft theorems of Yang-Mills and gravity amplitudes, while section 4 introduces the KLT-
relations. Two of the new results of the paper are presented in section 5, where the soft
limit of the amplitudes and the KLT-relation are used to find non-trivial relations which the
Yang-Mills amplitudes must satisfy. An extension of these results is presented in section 6,
when effective operators are included. We conclude in section 7.
2 BFCW
We will review the derivation of the soft theorems for Yang-Mills and gravity amplitudes
using the BCFW recursion relations [38, 39]. This follows closely the derivation of the new
soft theorems by Cachazo and Strominger [16]. We use the spinor-helicity formalism, with
the convension sab = 〈a, b〉[b, a]. For an (n+ 1)-point amplitude with a soft particle s with
positive helicity,1 An+1(s, 1, . . . , n), we perform the BCFW shift
λs(z) = λs + zλn, λ˜n(z) = λ˜n − zλ˜s. (2.1)
The original amplitude can be recovered from the complex deformed amplitude as the
residue at z = 0,
An+1 = 1
2pii
∫
dz
z
An+1(z). (2.2)
Using Cauchy’s residue theorem, we find the following relation
An+1 =
∑
diagrams I
AL(zI) 1
P 2I
AR(zI), (2.3)
1The negative helicity case can be derived analogously.
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where the amplitude factorizes into a sum of two lower-point amplitudes, assuming the
contribution from |z| → ∞ vanishes. The product of the two amplitudes is the residue
in Cauchy’s theorem, therefore they are evaluated at the pole zI . The pole is found for
each diagram by solving the equation P 2I (zI) = 0. From this relation we can build up
higher-point amplitudes recursively.
The sum in eq. (2.3) can be split into two parts as
An+1 = A3(s(zI), 1, I) 1
P 2I
An(−I, 2, . . . , n(zI)) +Rn+1. (2.4)
The remainder term is written as
Rn+1 =
∑
diagrams I
AL(s(zI), 1, 2, . . . , j) 1
P 2I
AR(j + 1, . . . , n(zI)) (2.5)
where AL in eq. (2.5) is a four- or higher-point amplitude. Under the holomorphic scaling
λs → λs, λ˜s → λ˜s, the amplitude2 for a soft gluon takes the form
An+1 = 1
2
〈n1〉
〈ns〉〈s1〉An
(
{λ1, λ˜1 +  〈ns〉〈n1〉 λ˜s}, . . . , {λn, λ˜s + 
〈s1〉
〈n1〉 λ˜s}
)
+Rn+1
=
1
2
〈n1〉
〈ns〉〈s1〉e

( 〈ns〉
〈n1〉 λ˜s
d
dλ˜1
+
〈s1〉
〈n1〉 λ˜s
d
dλ˜n
)
An +Rn+1. (2.6)
This form was written down in Ref. [40]. Also, the authors of Ref. [16] showed that Rn+1
is of order O(0). A similar expression can be written down for gravity, with the leading
pole being O(−3). By expanding the exponential we can find the universal leading and
(at tree-level) subleading soft factors, S(0)YM and S
(1)
YM. The exponential contains derivative
terms, for which we use the notation ∇˜a,b = λ˜α˙a ddλ˜α˙b . The soft factors can be written as
S
(k)
YM =
〈n1〉
〈ns〉〈s1〉
1
k!
( 〈ns〉
〈n1〉∇˜s,1 +
〈s1〉
〈n1〉∇˜s,n
)k
, (2.7)
where the soft factors with k ≥ 2 give only a part of the amplitude. Again, a similar partial
infinite soft factor for gravity can be found analogously.
A partial infinite soft theorem for effective operators can also be found using the same
method. For Yang-Mills, we find that
S
(k+1)
YM = −
(
[ns]
〈ns〉 +
[1s]
〈1s〉
)
1
k!
( 〈ns〉
〈n1〉∇˜s,1 +
〈s1〉
〈n1〉∇˜s,n
)k
. (2.8)
The k = 0 term reproduces the leading soft theorem for effective operators with a spin-1 par-
ticle discussed in Ref. [41]. The first contribution from effective operators for a Yang-Mills
amplitude appears at subleading order. For gravity, the first contribution from effective
operators only enters at sub-subleading order.
2We will denote a Yang-Mills amplitude by A, and a gravity amplitude by M.
– 3 –
3 Soft Theorem
We will show the connection between the soft factors of gauge theory and gravity using
the KLT-formula. In particular, at sub-subleading order in the soft expansion we find new
relations between tree-level amplitudes. We start with an amplitude with one external soft
particle. The soft limits of an amplitude with an external soft spin-1/spin-2 particle are
An+1 =
(
S
(0)
YM
2
+
S
(1)
YM

+ S
(2)
YM
)
An +Rn+1 +O(1), (3.1)
Mn+1 =
(
S
(0)
GR
3
+
S
(1)
GR
2
+
S
(2)
GR

)
Mn +O(0), (3.2)
respectively. The S(i)YM is the ith subleading soft factor of an amplitude with a soft spin-1
particle, and similarly for gravity. The non-universal part of the Yang-Mills amplitude en-
ters at sub-subleading order. In the KLT-formula, two Yang-Mills amplitudes with different
color-ordering are required: An(t, σ, n−1, n) and A˜n(n−1, ρ, n, t). From now on we assume
that whenever An and A˜n is written, we have this particular ordering. The same holds for
the (n + 1)-point amplitudes; the relevant color-orderings are An+1(t, σ, n − 1, n, n + 1),
A˜n+1(n−1, ρ, n, t, n+1), Rn+1(t, σ, n−1, n, n+1) and R˜n+1(n−1, ρ, n, t, n+1). We leave
the ordering implicit from now on.
The soft limit of the Yang-Mills amplitude is given by the soft factors in eq. (2.7). The
soft limit of the gravity amplitude is
Mn+1(1, 2, . . . , n+ 1) = − 1
3
n∑
k=1
[n+ 1, k]
〈n+ 1, k〉 (3.3)[ 〈x, k〉〈y, k〉
〈x, n+ 1〉〈y, n+ 1〉

2
( 〈x, k〉
〈x, n+ 1〉 +
〈y, k〉
〈y, n+ 1〉
)
∇˜n+1,k + 
2
2
(
∇˜n+1,k
)2]Mn(1, 2, . . . , n),
where x, y are reference spinors which specifies a gauge. The amplitudes are independent
of the choice of x, y. Some care is needed when implementing the momentum conservation.
We use (n+ 1)-point and n-point momentum conservation, given by
λ˜i = −
n∑
k=1
k 6=i,j
〈j, k〉
〈j, i〉 λ˜k − 
〈j, n+ 1〉
〈j, i〉 λ˜n+1, λ˜j = −
n∑
k=1
k 6=i,j
〈i, k〉
〈i, j〉 λ˜k − 
〈i, n+ 1〉
〈i, j〉 λ˜n+1. (3.4)
and
λ˜i = −
n∑
k=1
k 6=i,j
〈j, k〉
〈j, i〉 λ˜k, λ˜j = −
n∑
k=1
k 6=i,j
〈i, k〉
〈i, j〉 λ˜k. (3.5)
We use eq. (3.4) for all (n + 1)-point amplitudes An+1 and Mn+1, and eq. (3.5) for all
n-point amplitudes An andMn, with i, j = n− 1, n. Also, the total derivatives in the soft
factors are
∇˜s,k = λ˜α˙s
d
dλ˜α˙k
= λ˜α˙s
[
∂
∂λ˜α˙k
+
(
−〈j, k〉〈j, i〉
)
∂
∂λ˜α˙i
+
(
−〈i, k〉〈i, j〉
)
∂
∂λ˜α˙j
]
. (3.6)
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When first using momentum conservation before applying the soft factors, the total deriva-
tives reduce to partial derivatives.
4 KLT-Relation
In string theory, the KLT-relation provides a connection between open and closed string
amplitudes. In the limit of infinite string tension, field theory is recoved and a relation
between gravity and gauge amplitudes is obtained. Once all the proper permutations are
taken into account, the KLT-relation gives the gravity amplitude as the "square" of the
gauge amplitudes. For low-point amplitudes, the formulas are relatively simple, which
helps streamlining gravitational scattering-amplitude calculations.
The most general form of the KLT-relation is [42, 43]
Mn(1, 2, . . . , n) =(−1)n+1
∑
σ∈Sn−3
∑
α∈Sj−1
∑
β∈Sn−2−j
An(1, σ2,j , σj+1,n−2, n− 1, n) (4.1)
×S[ασ(2),σ(j)|σ2,j ]p1S[σj+1,n−2|βσ(j+1),σ(n−2)]pn−1A˜n(ασ(2),σ(j), 1, n− 1, βσ(j+1),σ(n−2), n),
where α, β, σ, ρ are particular orderings of the color-ordered Yang-Mills amplitudes. The
KLT-kernel S is defined as
S[i1, . . . , ik|j1, . . . , jk]p1 =
k∏
t=1
(sit1 +
k∑
q>t
θ(it, iq)sitiq), (4.2)
where θ(ia, ib) is 0 if ia sequentially comes before ib in the set {j1, . . . , jk}, and otherwise it
takes the value 1. One of the properties of the kernel is to take into account the fact that
Yang-Mills amplitudes are color-order while gravity amplitudes are not. It was also proven
in Ref. [43] that the KLT-relation, as written in eq. (4.1), is independent of the choice of j.
Therefore, with j = 2, we have for an (n+ 1)-point amplitude that
Mn+1(1, 2, . . . , n, n+ 1) = (−1)n
n−2∑
t=1
∑
σ,ρ∈Sn−3
An+1(t, σ, n− 1, n, n+ 1)S[t|t]pn+1S[σ|ρ]pn−1
× A˜n+1(n− 1, ρ, n, t, n+ 1). (4.3)
In the next section, we are going to apply the soft theorems for each amplitude and collect
terms at different orders in 1/. Thus, we also need the soft limit of the KLT-kernel, which
is [40]
S[t|t]pn+1S[σ|ρ]pn−1 → st,n+1e
〈n,n+1〉
〈n,t〉 ∇˜n+1,tS[σ|ρ]pn−1 . (4.4)
We also have the Sn−3−symmetric form of the KLT-relation for n-point amplitudes
Mn(1, 2, . . . , n) = (−1)n+1
∑
σ,ρ∈Sn−3
An(1, σ, n− 1, n)S[σ|ρ]pn−1A˜n(1, n− 1, ρ, n). (4.5)
The different forms of the KLT-relation will be useful shortly.
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5 Non-universal Relations
The usual procedure when using the KLT-relation is to obtain gravity amplitudes from
Yang-Mills amplitudes, since usually the Yang-Mills amplitudes are easier to calculate.
Here, we go in the opposite direction. We use information about the gravity amplitudes to
obtain relations on the Yang-Mills side. As we noted before, the non-universal part of the
Yang-Mills amplitude enters at sub-subleading order in the soft-momentum expansion. At
this order, we also have a universal part which comes from an exponential of the associated
soft factor. Both terms contribute in the KLT-formula. On the other hand, gravity contains
only universal pieces at O(1/) . We equate the soft limit of the gravity amplitude with the
soft limit of the Yang-Mills side in the KLT-relation. This immediately gives constraints
for the non-universal part of the Yang-Mills amplitudes. We describe the procedure in the
following and give a detailed derivation in Appendix A.
We use the KLT-relation in eq. (4.3), which we write as
Mn+1 =
∑
σ,ρ
An+1(σ)Sn+1[σ|ρ]A˜n+1(ρ). (5.1)
For the left-hand side of eq. (5.1), we apply the soft-graviton theorem in eq. (3.3), and then
apply the KLT-relation in eq. (4.5) for each k in the sum for the soft factor,
Mn+1 =
(
S
(0)
GR
3
+
S
(1)
GR
2
+
S
(2)
GR

)
Mn
=
(
S
(0)
GR
3
+
S
(1)
GR
2
+
S
(2)
GR

)∑
α,β
An(α)Sn[α|β]A˜n(β). (5.2)
The right-hand side of eq. (5.1) becomes∑
σ,ρ
An+1Sn+1[σ|ρ]A˜n+1 =
∑
σ,ρ
[(
S
(0)
YM
2
+
S
(1)
YM

+ S
(2)
YM
)
An +Rn+1
]
Sn+1[σ, ρ]
×
[(
S
(0)
YM
2
+
S
(1)
YM

+ S
(2)
YM
)
A˜n + R˜n+1
]
, (5.3)
when we use the soft limit of the Yang-Mills amplitudes in eq. (2.7). We can match the
left-hand side and the right-hand side of eq. (5.1) at each order in 1/. A detailed analysis
of the relation at order 1/3 and 1/2 was performed in Ref. [40], resulting in new relations
for the KLT-kernel.
Focusing on O(1/), we find simple relations between the universal and non-universal
piece of the Yang-Mills amplitudes. A more detailed derivation can be found in Appendix A.
The non-universal pieces are defined as
R1 = (−1)n+1
n−2∑
t=1
∑
σ,ρ∈Sn−3
1

[t, n+ 1]〈t, n− 1〉
〈n+ 1, n− 1〉 R
→0
n+1 S[σ|ρ]pn−1 A˜n, (5.4)
R2 = (−1)n+1
n−2∑
t=1
∑
σ,ρ∈Sn−3
1

[t, n+ 1]〈n, t〉
〈n+ 1, n〉 An S[σ|ρ]pn−1 R˜
→0
n+1, (5.5)
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while the universal pieces come from second derivatives,
T1 = (−1)n
n−2∑
t=1
∑
σ,ρ∈Sn−3
1

[t, n+ 1]〈n, n− 1〉
〈t, n〉〈n+ 1, n− 1〉
[
1
2
∇˜2n+1,t
(An S[σ|ρ]pn−1)] A˜n, (5.6)
T2 = (−1)n
n−2∑
t=1
∑
σ,ρ∈Sn−3
1

[t, n+ 1]〈n− 1, n〉
〈t, n− 1〉〈n+ 1, n〉An S[σ|ρ]pn−1
[
1
2
∇˜2n+1,t A˜n
]
. (5.7)
The relation between the universal and non-universal pieces of the Yang-Mills amplitudes
is
T1 + T2 = R1 +R2. (5.8)
Equation (5.8) is a new, non-trival relation, illustrating that the non-universal part of the
Yang-Mills amplitude possesses some hidden structure. Remarkably, find that the relation
simplifies into two parts,3 given by
T1 = R1, (5.9)
T2 = R2. (5.10)
Explicitly, for e.g. eq. (5.10), this means that
n−2∑
t=1
∑
σ,ρ∈Sn−3
1

An S[σ|ρ]pn−1
[
[t, n+ 1]〈n, n− 1〉
〈t, n〉〈n+ 1, n− 1〉
[
1
2
∇˜2n+1,t A˜n
]
+
[t, n+ 1]〈n, t〉
〈n+ 1, n〉 R˜
→0
n+1
]
= 0.
(5.11)
This is a non-trivial relation for Rn+1, which previously have not been discussed. It relates
the second derivative of the universal part of a n-point amplitude to the non-universal piece
of the (n+1)-point amplitude. Taking as an example the n+1 = 6 NMHV amplitude. There
are usually three BCFW-diagrams contributing to the amplitude. One of them contains all
the universal soft behavior, as in eq. (2.4), while the other two diagrams belongs to Rn+1
(see eq. (2.5)). In the soft momenta limit,  → 0, we have a relation between these two
diagrams and the second derivative of the 5-point amplitude An.
6 Effective Operators
As shown in Ref. [41], with the inclusion of effective operators, the soft theorem for a
Yang-Mills particle is corrected at the subleading and sub-subleading order, while gravity
amplitudes get corrections at the sub-subleading order. The modified soft theorems take
the form
An+1 =
(
S
(0)
YM
2
+
S
(1)
YM

+ S
(2)
YM
)
An +
(
S
(1)
YM

+ S
(2)
YM
)
An +Rn+1 +O(), (6.1)
Mn+1 =
(
S
(0)
GR
3
+
S
(1)
GR
2
+
S
(2)
GR

)
Mn + S
(2)
GR

Mn +O(). (6.2)
3We have explicitly verified this through six-points.
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All amplitudes, including the remainder terms Rn+1, can contain contributions from ef-
fective operators. The bar and superscript (k) denote that, when corrected by effective
operators, the particle k of the (n+ 1)- and n-point amplitudes may be of different particle
type. The soft theorems for the effective operator corrections are
S
(1)
YMAn = −
∑
k
[s, k]
〈s, k〉A
(k)
n , S
(2)
GRMn = −
∑
k
[s, k]3
〈s, k〉M
(k)
n , (6.3)
where s is the soft particle and k is adjacent to the soft particle. We have absorbed the
couplings into the amplitudes. The sum in eq. (6.3) for a Yang-Mills particle goes over the
two adjacent legs, while for gravity it sums over all other particles. The sub-subleading soft
term for Yang-Mills particles can be found in eq. (2.8).
The second ingredient we need is the KLT-relation. The open-closed string KLT-
relations are similar to the field-theory KLT-relations, with a different kernel. For instance,
the 4-point string KLT-relation turns into
Mclosed4 (1, 2, 3, 4) = Aopen4 (1, 2, 3, 4)
[
κ2
4piα′
sin (pix)
]
A˜open4 (1, 2, 4, 3) (6.4)
where x = −α′s12 and α′ is the inverse string tension. A generalized prescription for the
KLT-relations for effective amplitudes was analysed in Refs. [44–46]. The new, generalized
kernel used in Refs. [44–46] was organized as a Taylor expansion in powers of α′s12,
sin (pix)
pi
→ x(1 + c1x+ c2x2 + ...) (6.5)
The first order in α′ recovers the usual KLT-kernel.
To consider the KLT-relation for effective amplitudes, we need to make some assump-
tions. First, we assume that a general n-point KLT-relation for effective amplitudes follows
the structure found in Refs. [44–46], i.e. the kernel is generalized, where the leading order
reproduces the original kernel, and the kernel can be expanded as a Taylor expansion in
powers of sij/Λ2, where Λ is some energy scale. In string theory, α′ takes the role of 1/Λ2,
as can be seen from eq. (6.4). Second, we assume that the soft limit of the kernel is similar
to eq. (4.4), with possibly more powers of st,n+1. Therefore, we assume that the soft limit
of the kernel is
S[t|t]pn+1S[σ|ρ]pn−1 → st,n+1
( ∞∑
`=0
c`(st,n+1)
`
)
e

〈n,n+1〉
〈n,t〉 ∇˜n+1,t S[σ|ρ]pn−1 , (6.6)
where c0 = 1. We absorb any mass scale into the unknown coefficiencts c`, such that the
mass dimension of c` is −2`.
The left-hand side of the KLT-relation in eq. (5.1) now becomes
Mn+1 =
(
S
(0)
GR
3
+
S
(1)
GR
2
+
S
(2)
GR

)
Mn +
(
S
(2)
GR

)
Mn
=
(
S
(0)
GR
3
+
S
(1)
GR
2
+
S
(2)
GR

)∑
α,β
An(α)Sn[α|β]A˜n(β) +
(
S
(2)
GR

)
Mn. (6.7)
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Note that the only difference between eq. (5.2) and eq. (6.7) is the additional term com-
ing from the effective-operator extension of soft-graviton theorem. The right-hand side of
eq. (5.1) is
∑
σ,ρ
[(
S
(0)
YM
2
+
S
(1)
YM

+ S
(2)
YM
)
An +
(
S
(1)
YM

+ S
(2)
YM
)
An +Rn+1
]
Sn+1[σ, ρ]
×
[(
S
(0)
YM
2
+
S
(1)
YM

+ S
(2)
YM
)
A˜n +
(
S
(1)
YM

+ S
(2)
YM
)
A˜n + R˜n+1
]
. (6.8)
By equating eqs. (6.7) and (6.8) and comparing order-by-order in 1/, we see that the first
correction from the effective operators appears at subleading order for the right-hand side
and at sub-subleading order for the left-hand side. Therefore, at order O(1/2), we find the
relation
0 = U1 + U2 + U3 + U4, (6.9)
where the first two terms are given by the modifications of the soft theorem for effective
operators,
U1 =
(−1)n+1
2
n−2∑
t=1
∑
σ,ρ∈Sn−3
[t, n+ 1]〈n, t〉
〈n, n+ 1〉 An S[σ|ρ]pn−1
[
[n+ 1, n− 1]
〈n+ 1, n− 1〉A˜
(n−1)
n +
[n+ 1, t]
〈n+ 1, t〉A˜
(t)
n
]
(6.10)
U2 =
(−1)n+1
2
n−2∑
t=1
∑
σ,ρ∈Sn−3
[
[n+ 1, n]
〈n+ 1, n〉A
(n)
n +
[n+ 1, t]
〈n+ 1, t〉A
(t)
n
]
S[σ|ρ]pn−1
[t, n+ 1]〈t, n− 1〉
〈n− 1, n+ 1〉 A˜n.
(6.11)
The third term comes from the expansion of the kernel, which has an unknown parameter
c1,
U3 =
(−1)n
2
n−2∑
t=1
∑
σ,ρ∈Sn−3
c1
[t, n+ 1]2〈t, n〉〈t, n− 1〉
〈n, n+ 1〉〈n+ 1, n− 1〉 An S[σ|ρ]pn−1A˜n.
The last term is
U4 =
(−1)n
2
n−2∑
t=1
∑
σ,ρ∈Sn−3
[t, n+ 1]〈n, n− 1〉
〈n− 1, n+ 1〉〈n, n+ 1〉 An S[σ|ρ]pn−1
[
∇˜n+1,t A˜n
]
.
which was also found in the analysis in Ref. [40], and was shown to vanish as long as the
original kernel, defined in eq. (4.2), satisfies two non-trivial identities. As we have not
specified the generalized kernel fully, we keep this term for generality.
At O(1/), we proceed analogously. For the left-hand side of eq. (5.1) we obtain the
same terms P1−6 in eqs. (A.1) to (A.6) in addition to the gravity effective operator term.
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For the right-hand side, we find the same Q1−6 in eqs. (A.7) to (A.12) and R1,2 in eqs. (5.4)
and (5.5) as in section 5. The new contributions appear when we have used S(1)YM, S
(2)
YM,
or higher terms in the expansion of the kernel. All the new contributions are given in
Appendix B.
After some manipulations, we obtain the following relation
S
(2)
GR

Mn + T1 + T2 = Q+R1 +R2. (6.12)
where Q is defined in the appendix. As expected, when the effective operators are turned
off we recover eq. (5.8). Although the relation eq. (6.12) is more complicated than the
relation for the original amplitudes (with no effective operators), we can still systematically
organize the contributions from the effective operators into a simple formula. We found
here the most general relations for the effective terms. However, further assumptions can
be made on the type of effective operators that contribute to the amplitude and the form of
the kernel, which can further simplify the relations. We leave this for a future investigation.
7 Conclusion
Using the KLT-relation and the soft limit of Yang-Mills and gravity amplitudes, we have
found new, non-trivial relations for the sub-subleading part of the Yang-Mills amplitudes.
Previous analysis has only considered the subleading terms, and the sub-subleading part
has not previously been fully discussed. The new relations provide non-trivial constraints
for the behavior of the Yang-Mills amplitudes under the soft limit. We also studied the
analogous relations when contributions from effective operators are included.
The new relations give information about the non-universal part of the Yang-Mills
amplitude. In obtaining the relations, we went in the oppositve direction of most of uses of
the KLT-formula, where we made use of the behavior of the gravity amplitude to extract
information for the Yang-Mills amplitude.
As we have used the spinor-helicity formalism, our results are restricted to four di-
mensions. Extending the analysis to arbitrary dimensions would provide insight into the
generality of the result. A natural framework for studying the relations in arbitrary dimen-
sions is the CHY-formalism.
Recently, infinite partial soft theorems were discussed in Refs. [47, 48]. Understanding
the connection between our results and the infinite partial soft theorems would be illumi-
nating. Also, non-linear relations for Yang-Mills amplitudes were presented in Refs. [49, 50].
We leave the study of the connection between these non-linear relations and the relations
presented in this paper as a future project.
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A Sub-subleading Terms
We outline the derivation of the relation for the non-universal terms at O(1/). Recall that
the color-ordered amplitudes are given by An ≡ An(t, σ, n − 1, n) and A˜n ≡ A˜n+1(n −
1, ρ, n, t) and the definition of the derivative operator is ∇˜a,b = λ˜α˙a ddλ˜α˙b . The left-hand side
of eq. (5.1), after applying the soft-graviton theorem and the KLT-relation, is given in
eq. (5.2). At O(1/), the terms in eq. (5.2) are given by P1−6, where
P1 = (−1)n
n−2∑
t=1
∑
σ,ρ∈Sn−3
1

[t, n+ 1]
〈t, n+ 1〉An
[
1
2
∇˜2n+1,t S[σ|ρ]pn−1
]
A˜n, (A.1)
P2 = (−1)n
n−2∑
t=1
∑
σ,ρ∈Sn−3
1

[t, n+ 1]
〈t, n+ 1〉
[
1
2
∇˜2n+1,tAn
]
S[σ|ρ]pn−1A˜n, (A.2)
P3 = (−1)n
n−2∑
t=1
∑
σ,ρ∈Sn−3
1

[t, n+ 1]
〈t, n+ 1〉AnS[σ|ρ]pn−1
[
1
2
∇˜2n+1,t A˜n
]
, (A.3)
P4 = (−1)n
n−2∑
t=1
∑
σ,ρ∈Sn−3
1

[t, n+ 1]
〈t, n+ 1〉
[
∇˜n+1,tAn
] [
∇˜n+1,t S[σ|ρ]pn−1
]
A˜n, (A.4)
P5 = (−1)n
n−2∑
t=1
∑
σ,ρ∈Sn−3
1

[t, n+ 1]
〈t, n+ 1〉
[
∇˜n+1,tAn
]
S[σ|ρ]pn−1
[
∇˜n+1,t A˜n
]
, (A.5)
P6 = (−1)n
n−2∑
t=1
∑
σ,ρ∈Sn−3
1

[t, n+ 1]
〈t, n+ 1〉An
[
∇˜n+1,t S[σ|ρ]pn−1
] [
∇˜n+1,t A˜n
]
. (A.6)
Similarly, the right-hand side of eq. (5.1) is given in eq. (5.3), consisting of Q1−6 and R1,2.
The non-universal terms R1,2 are given in eqs. (5.4) and (5.5), with the residual terms being
Q1 = (−1)n
n−2∑
t=1
∑
σ,ρ∈Sn−3
1

[t, n+ 1]〈t, n− 1〉〈n, n+ 1〉
〈t, n+ 1〉〈n+ 1, n− 1〉〈n, t〉An
[
1
2
∇˜2n+1,t S[σ|ρ]pn−1
]
A˜n, (A.7)
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Q2 = (−1)n
n−2∑
t=1
∑
σ,ρ∈Sn−3
1

[t, n+ 1]〈t, n− 1〉〈n, n+ 1〉
〈t, n+ 1〉〈n+ 1, n− 1〉〈n, t〉
[
1
2
∇˜2n+1,tAn
]
S[σ|ρ]pn−1A˜n, (A.8)
Q3 = (−1)n
n−2∑
t=1
∑
σ,ρ∈Sn−3
1

[t, n+ 1]〈n, t〉〈n− 1, n+ 1〉
〈t, n+ 1〉〈n, n+ 1〉〈n− 1, t〉AnS[σ|ρ]pn−1
[
1
2
∇˜2n+1,t A˜n
]
, (A.9)
Q4 = (−1)n
n−2∑
t=1
∑
σ,ρ∈Sn−3
1

[t, n+ 1]〈t, n− 1〉〈n, n+ 1〉
〈t, n+ 1〉〈n+ 1, n− 1〉〈n, t〉
[
∇˜n+1,tAn
] [
∇˜n+1,t S[σ|ρ]pn−1
]
A˜n,
(A.10)
Q5 = (−1)n
n−2∑
t=1
∑
σ,ρ∈Sn−3
1

[t, n+ 1]
〈t, n+ 1〉
[
∇˜n+1,t,An
]
S[σ|ρ]pn−1
[
∇˜n+1,t, A˜n
]
, (A.11)
Q6 = (−1)n
n−2∑
t=1
∑
σ,ρ∈Sn−3
1

[t, n+ 1]
〈t, n+ 1〉An
[
∇˜n+1,t,S[σ|ρ]pn−1
] [
∇˜n+1,t A˜n
]
. (A.12)
Note that
P5 = Q5, (A.13)
P6 = Q6, (A.14)
which reduces eq. (5.1) to
P1 + P2 + P3 + P4 = Q1 +Q2 +Q3 +Q4 +R1 +R2. (A.15)
We can simplify this further by using that
T1 = P1 + P2 + P4 −Q1 −Q2 −Q4 and T2 = P3 −Q3, (A.16)
which are the terms used in the main text, given in eqs. (5.6) and (5.7). With these
manipulations, we find new, non-trivial relations for the non-universal part of the Yang-
Mills amplitudes. The new relations, eqs. (5.9) and (5.10), have surprisingly simple forms.
B Sub-subleading Terms from Effective Operator
The new contributions to eq. (5.1) coming from the soft theorems for effective operators
involve S(1)YM and S
(2)
YM. We will denote the terms byQ2−6 as they resembleQ2−6 in eqs. (A.8)
to (A.12). In general, as S(1,2)YM contain two different terms, we express Q2−6 as two terms,
e.g. Q2 = Q
(t)
2 +Q
(n)
2 . Note that Q5 is split into eight terms,
Q5 = Q
(n,n−1)
5 +Q
(n,t)
5 +Q
(t,n−1)
5 +Q
(t,t)
5 +Q
(L,n)
5 +Q
(L,t)
5 +Q
(R,n−1)
5 +Q
(R,t)
5 . (B.1)
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The terms are
Q
(t)
2 =
(−1)n+1

n−2∑
t=1
∑
σ,ρ∈Sn−3
[t, n+ 1]2〈t, n− 1〉〈n, n+ 1〉
〈n+ 1, n− 1〉〈n+ 1, t〉〈n, t〉
[
∇˜n+1,tA(t)n
]
S[σ|ρ]pn−1 A˜n,
Q
(n)
2 =
(−1)n+1

n−2∑
t=1
∑
σ,ρ∈Sn−3
[t, n+ 1]〈t, n− 1〉[n+ 1, n]
〈n+ 1, n− 1〉〈n, t〉
[
∇˜n+1,tA(n)n
]
S[σ|ρ]pn−1 A˜n,
Q
(t)
3 =
(−1)n+1

n−2∑
t=1
∑
σ,ρ∈Sn−3
[t, n+ 1]2〈n, t〉〈n− 1, n+ 1〉
〈n+ 1, n〉〈n+ 1, t〉〈n− 1, t〉 An S[σ|ρ]pn−1
[
∇˜n+1,tA˜
(t)
n
]
,
Q
(n−1)
3 =
(−1)n+1

n−2∑
t=1
∑
σ,ρ∈Sn−3
[t, n+ 1][n+ 1, n− 1]〈n, t〉
〈n+ 1, n〉〈n− 1, t〉 An S[σ|ρ]pn−1
[
∇˜n+1,tA˜
(n−1)
n
]
.
Q
(n)
4 =
(−1)n

n−2∑
t=1
∑
σ,ρ∈Sn−3
[t, n+ 1]〈t, n− 1〉〈n, n+ 1〉[n+ 1, n]
〈n+ 1, n− 1〉〈n, t〉〈n+ 1, n〉 A
(n)
n
[
∇˜n+1,tS[σ|ρ]pn−1
]
A˜n,
Q
(t)
4 =
(−1)n

n−2∑
t=1
∑
σ,ρ∈Sn−3
[t, n+ 1]〈t, n− 1〉〈n, n+ 1〉[n+ 1, t]
〈n+ 1, n− 1〉〈n, t〉〈n+ 1, t〉 A
(t)
n
[
∇˜n+1,tS[σ|ρ]pn−1
]
A˜n,
Q
(n,n−1)
5 =
(−1)n

n−2∑
t=1
∑
σ,ρ∈Sn−3
[t, n+ 1]〈n+ 1, t〉[n+ 1, n][n+ 1, n− 1]
〈n+ 1, n〉〈n+ 1, n− 1〉 A
(n)
n S[σ|ρ]pn−1 A˜
(n−1)
n ,
Q
(n,t)
5 =
(−1)n+1

n−2∑
t=1
∑
σ,ρ∈Sn−3
[t, n+ 1]2[n+ 1, n]
〈n+ 1, n〉 A
(n)
n S[σ|ρ]pn−1 A˜
(t)
n ,
Q
(t,n−1)
5 =
(−1)n+1

n−2∑
t=1
∑
σ,ρ∈Sn−3
[t, n+ 1]2[n+ 1, n− 1]
〈n+ 1, n− 1〉 A
(n)
n S[σ|ρ]pn−1 A˜
(n−1)
n ,
Q
(t,t)
5 =
(−1)n+1

n−2∑
t=1
∑
σ,ρ∈Sn−3
[n+ 1, t]3
〈n+ 1, t〉 A
(t)
n S[σ|ρ]pn−1 A˜
(t)
n ,
Q
(L,n)
5 =
(−1)n

n−2∑
t=1
∑
σ,ρ∈Sn−3
[t, n+ 1][n+ 1, n]
〈n+ 1, n〉 A
(n)
n S[σ|ρ]pn−1
[
∇˜n+1,tA˜n
]
,
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Q
(L,t)
5 =
(−1)n

n−2∑
t=1
∑
σ,ρ∈Sn−3
[t, n+ 1][n+ 1, t]
〈n+ 1, t〉 A
(t)
n S[σ|ρ]pn−1
[
∇˜n+1,tA˜n
]
,
Q
(R,n−1)
5 =
(−1)n+1

n−2∑
t=1
∑
σ,ρ∈Sn−3
[t, n+ 1][n+ 1, n− 1]
〈n+ 1, n− 1〉
[
∇˜n+1,tAn
]
S[σ|ρ]pn−1 A˜
(n−1)
n ,
Q
(R,t)
5 =
(−1)n+1

n−2∑
t=1
∑
σ,ρ∈Sn−3
[t, n+ 1][n+ 1, t]
〈n+ 1, t〉
[
∇˜n+1,tAn
]
S[σ|ρ]pn−1 A˜
(t)
n .
Q
(n−1)
6 =
(−1)n+1

n−2∑
t=1
∑
σ,ρ∈Sn−3
[t, n+ 1][n+ 1, n− 1]
〈n+ 1, n− 1〉 An
[
∇˜n+1,tS[σ|ρ]pn−1
]
A˜(n−1)n ,
Q
(t)
6 =
(−1)n+1

n−2∑
t=1
∑
σ,ρ∈Sn−3
[t, n+ 1][n+ 1, t]
〈n+ 1, t〉 An
[
∇˜n+1,tS[σ|ρ]pn−1
]
A˜(t)n .
The strategy now is to group Q(t)2 and Q
(t)
4 with Q
(L,t)
5 . Notice that each term has a
derivative and comes with the superscript (t). We apply the Schouten identity on the spinor
brackets in the first two terms to match the last one. This produces a ’total’ derivative
called Q(t)L and an extra term, which we call Q
(t1)
S . We do the same for others operators,
finding the following rearragements
Q
(t)
2 +Q
(t)
4 +Q
(L,t)
5 = Q
(t)
L +Q
(t1)
S , (B.2)
Q
(n)
2 +Q
(n)
4 +Q
(L,n)
5 = Q
(n)
L +Q
(n)
S , (B.3)
Q
(t)
3 +Q
(t)
6 +Q
(R,t)
5 = Q
(t)
R +Q
(t2)
S , (B.4)
Q
(n−1)
3 +Q
(n−1)
6 +Q
(R,n−1)
5 = Q
(n−1)
R +Q
(n−1)
S , (B.5)
where
Q
(k)
L =
(−1)n+1

n−2∑
t=1
∑
σ,ρ∈Sn−3
(−1) [t, n+ 1] [n+ 1, k]〈n+ 1, k〉 ∇˜n+1,t
[
A(k)n S[σ|ρ]pn−1 A˜n
]
, (B.6)
Q
(k)
R =
(−1)n+1

n−2∑
t=1
∑
σ,ρ∈Sn−3
(−1) [t, n+ 1] [n+ 1, k]〈n+ 1, k〉 ∇˜n+1,t
[
An S[σ|ρ]pn−1 A˜
(k)
n
]
. (B.7)
The extra terms are
Q
(t1)
S =
(−1)n+1

n−2∑
t=1
∑
σ,ρ∈Sn−3
[t, n+ 1]2〈n− 1, n〉
〈n+ 1, n− 1〉〈n, t〉 ∇˜n+1,t
[
A(t)n S[σ|ρ]pn−1
]
A˜n, (B.8)
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Q
(n)
S =
(−1)n

n−2∑
t=1
∑
σ,ρ∈Sn−3
[t, n+ 1][n, n− 1]〈t, n+ 1〉〈n, n− 1〉
〈n+ 1, n− 1〉〈n, t〉〈n+ 1, n〉 ∇˜n+1,t
[
A(n)n S[σ|ρ]pn−1
]
A˜n,
(B.9)
Q
(t2)
S =
(−1)n+1

n−2∑
t=1
∑
σ,ρ∈Sn−3
[t, n+ 1]2〈n, n− 1〉
〈n+ 1, n〉〈n− 1, t〉 An S[σ|ρ]pn−1
[
∇˜n+1,tA˜
(t)
n
]
, (B.10)
Q
(n−1)
S =
(−1)n

n−2∑
t=1
∑
σ,ρ∈Sn−3
[t, n+ 1][n+ 1, n− 1]〈n, n− 1〉〈t, n+ 1〉
〈n+ 1, n〉〈n− 1, t〉〈n+ 1, n− 1〉 An S[σ|ρ]pn−1
[
∇˜n+1,tA˜
(n−1)
n
]
.
(B.11)
We group the terms together,
QS = Q
(n)
S +Q
(t1)
S +Q
(t2)
S +Q
(n−1)
S , (B.12)
Q5′ = Q
(n,n−1)
5 +Q
(n,t)
5 +Q
(t,n−1)
5 +Q
(t,t)
5 , (B.13)
QB = Q
(t)
L +Q
(n)
L +Q
(t)
R +Q
(n−1)
R . (B.14)
We also have contributions from the higher-order terms in the expansion of the kernel.
We group them as
QK = T
′
1 + T
′
2 + T
′
3 + T
′
4 + U
′
1 + U
′
2 (B.15)
The two last terms are related to U1 and U2 in eqs. (6.10) and (6.11) as
U
′
1 = c1st,n+1U1, (B.16)
U
′
2 = c1st,n+1U2, (B.17)
where the factor st,n+1 is understood to be inside the sum over t.
The other terms are
T ′1 =
(−1)n+1

c1
n−2∑
t=1
∑
σ,ρ∈Sn−3
[t, n+ 1]2〈n, t〉
〈n, n+ 1〉 An S[σ|ρ]pn−1
[
∇˜n+1,tA˜n
]
, (B.18)
T ′2 =
(−1)n+1

c1
n−2∑
t=1
∑
σ,ρ∈Sn−3
[t, n+ 1]2〈n− 1, t〉
〈n− 1, n+ 1〉
[
∇˜n+1,tAn
]
S[σ|ρ]pn−1 A˜n, (B.19)
T ′3 =
(−1)n+1

c1
n−2∑
t=1
∑
σ,ρ∈Sn−3
[t, n+ 1]2〈n− 1, t〉
〈n− 1, n+ 1〉 An
[
∇˜n+1,tS[σ|ρ]pn−1
]
A˜n, (B.20)
T ′4 =
(−1)n

c2
n−2∑
t=1
∑
σ,ρ∈Sn−3
[t, n+ 1]3〈n, t〉〈t, n− 1〉〈t, n+ 1〉
〈n, n+ 1〉〈n+ 1, n− 1〉
[
An S[σ|ρ]pn−1 A˜n
]
. (B.21)
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We can rewrite T ′1−3 using the Schouten identity to
T ′1 + T
′
2 + T
′
3 = T
′ + T ′s, (B.22)
where
T ′ =
(−1)n+1

c1
n−2∑
t=1
∑
σ,ρ∈Sn−3
[t, n+ 1]2〈n− 1, t〉
〈n− 1, n+ 1〉 ∇˜n+1,t
[
An S[σ|ρ]pn−1 A˜n
]
, (B.23)
T ′s =
(−1)n

c1
n−2∑
t=1
∑
σ,ρ∈Sn−3
[t, n+ 1]2〈n, n− 1〉〈t, n+ 1〉
〈n, n+ 1〉〈n+ 1, n− 1〉 An S[σ|ρ]pn−1
[
∇˜n+1,tA˜n
]
.
(B.24)
In total, we have that
Q = Q5′ +QB +QS +QK . (B.25)
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